The hypergraph jump problem and the study of Lagrangians of uniform hypergraphs are two classical areas of study in the extremal graph theory. In this paper, we refine the concept of jumps to strong jumps and consider the analogous problems over non-uniform hypergraphs. Strong jumps have rich topological and algebraic structures. The non-strong-jump values are precisely the densities of the hereditary properties, which include the Turán densities of families of hypergraphs as special cases. Our method uses a generalized Lagrangian for non-uniform hypergraphs. We also classify all strong jump values for {1, 2}-hypergraphs.
Introduction
The problem of determining jump values, or non-jump values, is intimately related to determining Turán densities of hypergraphs.
Definition 1.
A real number α is a jump for a positive integer r if there exists a c > 0 such that for every ǫ > 0 and every t ≥ r there exists an integer n 0 (α, r, t, ǫ) such that if n ≥ n 0 and G is an r-uniform hypergraph on n vertices with edge density at least α + ǫ then G contains a subgraph H on t vertices with edge density at least α + c.
Erdős observed that all values in [0, 1) are jumps for 2 and all values in [0, r! r r ) are jumps for r. He asked whether all values in [0, 1) are jumps for any r ≥ 2-this was known as the jumping constant conjecture. The question was answered negatively by Frankl and Rödl in 1984 [11] , who showed that 1 − 1 l r−2 is a non-jump for every r ≥ 3 and l > 2r. Since then, several pairs (α, r) of jumps/non-jumps have been identified [3, 10] .
In this paper, we consider the jump problem for general hypergraphs. A hypergraph H is a pair (V, E) where V is the vertex set and E ⊆ 2 V is the edge set. The set of edge sizes (or edge types) of H is denoted by R(H) := {|e| : e ∈ E}. If R(H) = {r} then H is an r-uniform hypergraph, or r-graph for short. Given a fixed set R, we say a hypergraph H is an R-graph if R(H) ⊆ R.
Notationally, we use the superscript R to denote the edge types and the subscript n to denote the number of vertices. For example, G R n denotes an R-graph G on n vertices; we may drop the R or n when either is understood under context.
In our previous paper [16] , we introduced the use of the Lubell function to measure the edgedensity of a non-uniform hypergraph. If H is an R-graph on n vertices, then the Lubell function of H is the following: h n (H) = e∈E(H)
. The Lubell function is widely used in the study of extremal poset problems [1, 4, 7, 12, 15, 14, 21] . Using the Lubell function, we defined the Turán density of a family of R-graphs H is defined as π(H) := lim n→∞ π n (H) where π n (H) is the maximum of h n (G) among H-free R-graphs G on n vertices. We may occasionally write π R (H) when we emphasize that R(H) may be a proper subset of R. We proved that this limit always exists. When H is a family of r-uniform hypergraphs the definition is the same as the classical definition. Additionally, we demonstrated that there is a natural non-uniform generalization of the supersaturation lemma. Because supersaturation is also observed in non-uniform hypergraphs, we also prove that blowing-up a non-uniform hypergraph doesn't change its Turán density. We also determine all the Turán densities of a single {1, 2}-hypergraph. These densities are always one of the following numbers provided that the {1, 2}-hypergraph is not also a {1}-graph or a {2}-graph. The question of whether hypergraphs jump makes sense for R-graphs as well. Using the Lubell function h n (H) as the measure of the edge density of the hypergraph H, one can easily extend the definition of jump to R-graphs.
Definition 2.
The value α ∈ [0, |R|] is a jump for R if there exists a c > 0 such that for every ǫ > 0 and every t ≥ max{r : r ∈ R} there exists an integer n 0 := n 0 (R, α, ǫ, t) such that if n ≥ n 0 and G n is an R-graph on n vertices with h n (G n ) ≥ α + ǫ then there exists a subgraph H t of G n on t vertices with h t (H t ) ≥ α + c.
Knowing whether a value α is a jump or not for r rarely gives much information regarding Turán densities. One notable exception is the following example. Suppose that one is trying to determine the Turán density of a family of R-graphs H. It is known that α is a jump for R with jumping constant c. If it can be shown that π(H) < α + c then the fact that α is a jump implies that π(H) ≤ α. This observation may be particularly helpful if when using a method such as Razborov's flag algebras.
In this paper, we introduce a new concept called strong jumps.
Definition 3. The value α ∈ [0, |R|] is a strong jump for R if there exists c > 0 such that for every t ≥ max{r : r ∈ R} there exists an integer n 0 := n 0 (R, α, c, t) such that if n ≥ n 0 and G n is an R-graph on n vertices with h n (G n ) ≥ α − c then there exists a subgraph H t of G n on t vertices with
If a value α is a strong jump for R it is also a jump for R; the converse statement is not true. A value α is a weak jump for R if it is a jump but not strong jump. Refining the notion of jumps in this way turns out to have several nice consequences. For example, the set of all strong jumps forms an open set (see Proposition 3). Its complement, the set of not strong-jump values, has an algebraic structure (see Theorem 1) and is closely related to Turán density. We will show that 0 is always a jump for R. Furthermore, 0 cannot be a strong jump; hence it is a weak jump. Notice that |R| is a weak jump for R; this is a degenerate case of the definition of jump. For example, the set of all strong jumps for {1} forms an open interval (0, 1) while the only not strong jumps (both weak jumps) are 0, 1. The set of all strong jumps for {2} (i.e, graphs) are
while the non-strong-jumps (all are weak jumps) are
, . . . , and 1.
By Theorem 1, the following values are non-strong-jumps for {1, 2}.
In this paper, we will determine all non-strong-jumps for {1, 2}; in particular, we will classify every α ∈ [0, 2] as either a strong jump, weak jump, or non-jump.
Theorem 3. Every α ∈ [0, 2] is a jump for {1, 2}. Furthermore, the weak jumps are precisely the following:
It is interesting to observe that the interval [0, 2] has more non-strong-jumps than those values guaranteed by Theorem 1. Those values 1 + k 4(k+1) (for k = 1, 2, 3, . . .) are the Turán density of a set of two {1, 2}-hypergraphs.
Definition 4.
The polynomial form of a hypergraph H R n , denoted by λ(P, x), is defined as
The Lagrangian of H, denoted by λ(H), is the maximum value of the polynomial λ(P, x) over the simplex
. This version of Lagrangian of nonuniform hypergraphs (and its weighed generalization) was also considered recently by Peng et. al. [24] , where they obtained some Motzkin-Straus type results in terms of the Lagrangian of non-uniform hypergraphs whose edges contain 1, or 2, and more vertices.
The definition of Lagrangian, when restricting to r-uniform hypergraphs, differs only by a multiplicative factor, r!, from the classical definition. This does not substantively affect the results. In addition, many results regarding the Lagrangian of uniform hypergraphs generalize nicely. For example, we have the following theorem, which generalizes a theorem due to Frankl and Rödl for r-uniform hypergraphs. The paper is organized as follows. In section 2, we will review some old facts and prove some new facts about the Turán density of a family of non-uniform hypergraphs. In section 3, we will prove theorem 1, 2. In section 4, we will study the properties of Lagrangians and prove theorem 4. We will apply these results to {1, 2}-graphs and prove theorem 3 in section 5. The relation between the non-strong-jump values and the density of hereditary properties are studied in last section.
Turán Density of Hypergraphs
The Turán densities of r-uniform hypergraphs are the classical areas of extremal graph theory and the readers are referred to Keevash's survey paper [19] . The Turán densities have been generalized to a family of non-uniform hypergraphs in [16] and several properties were proved there. The key idea is using the Lubell function as the measurement of the density of non-uniform edges. 
For a family of R-graphs H, we define H(s) = {H(s) : H ∈ H}. In [16] the following Lemma and Theorem were proved. Note that we use v(H) to denote |V (H)|. Theorem (Blow-ups). Let H be a finite family of hypergraphs and let s ≥ 2. Then π(H(s)) = π(H).
If H is contained in a blow-up of G, then we say that H ≤ G. The following are useful corollaries to the previous theorem.
Proof. This follows from the observation that π(H) ≤ π(G) ≤ π(H(s)) = π(H).
Baber and Talbot [2] point out the following useful Corollary for uniform hypergraphs. The same thing is true for non-uniform hypergraphs.
Corollary 2. If G ≤ H and F is a finite family of hypergraphs, then
. This gives us (ii), the desired equality.
We may occasionally wish to consider families of hypergraphs which are not finite. Let R be a finite set of non-negative integers. Let H be a family of finite R-graphs. Let H n = {H ∈ H : |H| ≤ n}.
Note that H n is a finite family of R-graphs, so π
Proof. We only need to consider the case when R = R(H). First, for any fixed value of n we have that
If m is large enough, this implies that G m is not H-free. Consider the case when n = m and m is large enough that G m is not H-free. Since G m is not H-free, there exists an H ∈ H such that H ⊆ G m . This implies that |H| ≤ m and therefore H ∈ H m . Since H ∈ H m and H ∈ G m we have that G m is not H m -free. Contradiction.
There is also an analogue of supersaturation for infinite families. In the proof of the lemma, the b > 0 depends on |H| (a finite family) and ǫ. In the event that |H| is infinite, one can replace |H| in the theorem with |H m | for the smallest m such that π R (H m ) < π(H) + ǫ. We also make the following observation:
3 Strong Jumps, Weak Jumps, and Non-jumps
The jumping constant conjecture, or the jump problem, for r-uniform hypergraphs was originated by Erdős, who asked whether r-uniform hypergraphs jump. Erdős observed that every value α ∈ [0, 1) is a jump for R = {2} (i.e. graphs). This is based on the following celebrated theorem due to Erdős-Stone-Siminovits.
Theorem 6 (Erdős-Siminovits-Stone). For a non-empty graph H, a positive integer t, and ǫ > 0, there exists an n 0 := n 0 (H, t, ǫ) such that if G n is any graph on n ≥ n 0 vertices with at least
Here χ(H) is the chromatic number of H and H(t) is a blowup of H.
Applying the Erdős-Stone-Simonovits theorem, for any t ≥ 2, any ǫ > 0, and sufficiently large n, any graph on n vertices with at least (α + ǫ) n 2 will contain K k+1 (s), the blowup of the complete graph K k+1 . Here we choose s large enough so that s(k + 1) > t. Observe that there is an induced subgraph of K k+1 (s) with density at least 1 − 1 k+1 , the density of K k+1 (s). Thus, α is a jump for 2. For r-uniform hypergraphs, Erdős observed that every value in [0, r! r r ) is a jump. Here r! r r is the density of K r s,s,...,s , the complete r-partite r-graph of equal part size. Based on these facts, Erdős asked whether hypergraphs always jump. In addition, Erdős [9] put $500 prize on whether 2 9 is a jump for 3-graphs. Frankl and Rödl [11] showed 1 − 1 l r−2 is a non-jump for every r ≥ 3 and l > 2r. In their paper, Frankl and Rödl introduced an equivalent definition of jump using admissible sequences and upper densities (for r-uniform hypergraphs). Now we generalize it to R-graphs. Note for any t ≥ max{r : r ∈ R}, σ t (G) is a decreasing function on t. Thus, the limit, lim t→∞ σ t (G) exists. We also note that sup can be replaced by max in the definition. Proof. We first prove that it is necessary. Suppose that α is a jump for R. There is a constant c > 0 such that for any ǫ > 0 and any integer t ≥ max{r : r ∈ R}, there is an integer n 0 such that if n ≥ n 0 and G n is an R-graph on n vertices with h n (G n ) ≥ α + ǫ then there exists a subgraph H t of G n on t vertices with h t (H t ) ≥ α + c.
Consider any admissible sequence of R-graphs
Since α is a jump, for any t, for sufficiently large i, G ni contains a subgraph H t with h t (H) ≥ α + c. Thus, we haveh(G) ≥ α + c.
We now prove the contrapositive of the reverse implication. Suppose that α is not a jump. For any c > 0, there exist ǫ > 0 and t > max{r : r ∈ R}, so that for any i there exists a graph G ni with n i ≥ i satisfying h ni (G ni ) ≥ α + ǫ and G ni contains no subgraph H t with density h t (H t ) ≥ α + c. The sequence G formed by the G ni 's may not be admissible because the limit lim i→∞ h ni (G ni ) may not exist. However, by deleting some edges, each G ni contains a spanning subgraph G ′ ni with
is an admissible sequence with h(
The structure of the set of all jump values is not obvious. However, the set of strong jumps has very nice structure.
Proposition 3. For any fixed finite set R of non-negative integers, the set of all strong jumps for R is an open subset of (0, |R|).
Proof. Suppose α is a strong jump. Let c > 0 be the positive constant (from the definition) whose existence is guaranteed by the fact that α is a strong jump. For every β ∈ (α − For every t ≥ max{r : r ∈ R} and every R-graph G n with n ≥ n 0 and Proof. This is similar to the proof of Lemma 1. Suppose that α is a strong jump for R. There is a constant c > 0 such that for any integer t ≥ max{r : r ∈ R}, there is an integer n 0 such that if n ≥ n 0 and G n is an R-graph on n vertices with h n (G n ) ≥ α − c then there exists a subgraph H t of G n on t vertices with h t (H t ) ≥ α + c.
Since α is a strong jump, for any t, for sufficiently large i, G ni contains a subgraph H t with h t (H) ≥ α + c. Thus, we haveh(G) ≥ α + c. Now we prove the contrapositive of the reverse implication. Assume that α is not a strong jump. For any c > 0, there exists a t > max{r : r ∈ R}, and for any i there exists a graph G ni with n i ≥ i satisfying h ni (G ni ) ≥ α − c and G ni contains no subgraph H t with density h t (H t ) ≥ α + c. In particular, for k = 1, 2, . . ., we choose c = 1 k and i = k. We obtain a sequence of R-graphs
. By deleting some edges, G contains a spanning subgraph {G
Corollary 3. The following statements are equivalent.
1. An value α ∈ [0, |R|] is NOT a strong jump for R.
There exists an admissible sequence of R-graphs
3. For a given increasing sequence of positive integers n 1 < n 2 < . . ., there exists an admissible sequence of R-graphs
Proof. 
This is the contrapositive of Lemma 2.
In the introduction, we stated the following theorem for which we will now give the proof.
Theorem. Consider any two finite sets R 1 and R 2 of non-negative integers. Suppose that R 1 ∩R 2 = ∅ and
Proof. For j ∈ {1, 2}, since α j is not a strong jump for R j , by corollary 3, there exists an admissible R j sequence of graphs 
Since h(H) ≤h(H), we haveh(H) = α 1 + α 2 . Hence α 1 + α 2 is not a strong jump for R 1 ∪ R 2 .
Lemma 3. If α =h(G) for some R-admissible sequence G, then α is not a strong jump for R.
Proof. It suffices to find an R-admissible sequence F such that h(F) =h(F) = α. For each t ≥ max{r : r ∈ R} there is some t-subset T of vertices of
and create the R-admissible sequence F = {F t }. By construction lim t→∞ h t (F t ) = lim t→∞ σ t (G) = α. Furthermore,h(F) = h(F) = α. Hence α is not a strong jump.
Lemma 4. If for some c > 0 every value in the interval (α, α + c) is a strong jump for R, then α is a jump for R.
Proof. Consider any admissible sequence G with h(G) > α. We need to show that there exists a constant c
is not a strong jump, we have thath(G) ≥ α + c. Therefore, α is jump.
Theorem. For any fixed finite set R of non-negative integers and α ∈ [0, |R|), α is a non-jump if and only if it is the limit of a decreasing sequence of non-strong-jump values.
Proof. We first prove that it is sufficient. Suppose that there exists a sequence of non-strong-jump values α 1 > α 2 > . . . with lim i→∞ α i = α. We need to show α is not a jump R. We prove it by contradiction.
Assume that α is a jump for R. There exists a c := c(α) > 0 so that any admissible sequence G with h(G) > α satisfiesh(G) ≥ α + c. Choose i large enough so that α i < α + c 2 . Since α i is not a strong jump, there exists admissible sequence H withh(H) = h(H) = α i . Note α < α i < α + c.
Contradiction.
Now we prove that it is also necessary. It is follows from the previous lemma. Apply the lemma to construct the values α k . Let α 1 = |R|. We will construct α k recursively. Since α is not jump, applying the lemma with c k :
Finally, we previously stated the following theorem for which we will now give the proof.
Theorem. Let R be a finite set of positive integers. If F is a family (finite or infinite) of R-graphs
is not a strong jump for R.
Proof of Theorem 5: Let H be a family of finite R-graphs and α := π(H). By the definition of Turán density, there exists an admissible sequence of H-free R-graphs
with h(G) = α. Observe any subgraph of G R n is also H-free. We haveh(G) = α. By corollary 3, α is not a strong jump.
The Lagrangian
Frequently we need to describe a sequence of hypergraphs whose size grows to infinity. We begin this section by giving a formal way of describing a family of hypergraphs, specifically, a hypergraph pattern.
Definition 8.
A hypergraph pattern, P , is a pair P = (V, E). V = {v 1 , ..., v n } is a vertex set and the edge set E is a finite set of multisets of vertices. A typical element e ∈ E will have the form e = {k 1 · v 1 , k 2 · v 2 , ..., k n · v n } where k i is a non-negative integer for each 1 ≤ i ≤ n. We say that |e| = n i=1 k i .
Definition 9.
Suppose that P is a hypergraph pattern on n-vertices and m-edges. Let s = (s 1 , ..., s n ) be a non-negative vector of integers. A hypergraph H = P ( s) is a realization of a pattern P if:
We view a realization of P essentially as a blow-up of the pattern P . Note that any hypergraph can also be viewed as a pattern-but not every pattern can be viewed as a hypergraph.
Let P be a hypergraph pattern on n vertices. Suppose that we want a realization of P with N vertices. We can choose a vector x ∈ S n such that x i N ∈ Z for each i. Then H = P (N x) is a realization of P on N vertices and |V i | = x i N for each 1 ≤ i ≤ n. Let e = {k 1 · v 1 , ..., k n · v n } be an edge in E(P ). The edges of H that correspond to e contribute n i=1
to the Lubell function of H.
Definition 10. Let P by a hypergraph pattern on n vertices. The polynomial form of P , denoted by λ(P, x), is defined as
Note that λ(P, x) can be viewed as a polynomial in Z[x 1 , ..., x n ] when the vector x is unknown, or as a real number when x is specified. Since S n is compact, it follows that (the polynomial) λ(P, x) attains a maximum value on S n .
Definition 11. The Lagrangian or blow-up density of a hypergraph pattern P is
Typically, the polynomial form (for r-uniform hypergraphs) is defined so that every term has coefficient 1 and the blow-up density is defined to be the largest edge density (in the limit) one can obtain by blowing up a given hypergraph. For the r-uniform graphs the Lagrangian and blow-up density differ by a constant (r!). When the graph is uniform, differing by a constant is easy to work around. However, if we generalize the Lagrangian to non-uniform graphs and leave every term monic, then the blow-up density and the Lagrangian no longer differ by a constant. This is unacceptable for the applications we have in mind. For this reason, we adjust the coefficients of the polynomial form so that the value of the Lagrangian is meaningful.
The following proposition is the first reason for our interest in Lagrangians.
Proposition 4. Let P be a hypergraph pattern on n vertices. Let F be a family of R-graphs. If every realization H of P that is a hypergraph has the properties that R(H) ⊆ R and H is F -free, then
For a vector x = (x 1 , ..., x n ) we denote by supp( x), the support of x, the set of indices i such that x i = 0. Let J ⊆ [n] be a set of indices. Then S J = { x ∈ S n : supp( x) = J}. When we refer to S J we will always assume that J = ∅ (otherwise S J = ∅ since 0 / ∈ S n ). The following lemmas are generalizations of results due to Frankl and Rödl. The proofs are similar, in some case with no essential difference. The one thing to keep in mind is that the way we have defined a Lagrangian differs slightly from the standard definition, primarily because one typically considers only uniform hypergraphs.
Lemma 5. Let H be a hypergraph and suppose that y ∈ S J satisfies λ(H, y) = λ and |J| is minimal. Then for any a, b ∈ J there exists an edge e ∈ E(H) with {a, b} ⊆ e ⊆ J.
Proof. Towards a contradiction, assume that there is no edge satisfying {a, b} ⊆ e ⊆ J. We will use x to denote variables, and y as an assignment of those variables. Since there is no edge e ⊆ J with {a, b} ⊆ e, it follows that ∂ 2 ∂x a ∂x b λ(H, y) = 0.
Without loss of generality, assume that
Create a new vector z as follows: z a = y a − δ ≥ 0, z b = y b + δ ≤ 1, and z i = y i for every value of i. Note that z ∈ S n and z i = 0 if i / ∈ J and z a = 0. The last follows from the fact that if δ = y a then z b = 1. We will now show that λ(H, z) ≥ λ(H, y) = λ(H) contradicting the minimality of |J|.
We have created a new optimal vector z with | supp( z)| < | supp( y)| = |J|. Contradiction.
Definition 12.
Let H k be a k-uniform hypergraph. We say that two vertices i, j are equivalent if for every e ∈ V (H)−{i,j} k−1 it follows that e ∪ {i} ∈ E(H k ) if and only if e ∪ {j} ∈ E(H k ).
Definition 13. Let H be a non-uniform hypergraph. We say that two vertices i and j are equivalent if for every k ∈ R(H), i and j are equivalent in H k .
Lemma 6. Let H be a hypergraph whose vertex set is [n]
and suppose that a and b are equivalent vertices. Then there exists a y ∈ S n satisfying λ(H, y) = λ(H) and y a = y b . Moreover, for any vector y ∈ S n satisfying λ(H, y) = λ(H) if there exists an edge e ∈ H such that {a, b} ⊆ e ⊆ supp( y) ∪ {a} then y a = y b .
Proof. Suppose that y a = y b . Define a new vector z so that z a = z b = ya+y b 2
and z v = y v otherwise. Clearly, z ∈ S n . We just need to check that λ(H, z) ≥ λ(H, y). We stated the following theorem in the introduction. We will now give the proof. It is a generalization of a theorem due to Rödl and Frankl [11] .
Theorem. Let R be a finite set of positive integers, and let α ∈ [0, |R|). Then α is a jump for R if and only if there exists a finite family of R-graphs F such that
(i) π(F ) ≤ α and (ii) min F ∈F λ(F ) > α
Moreover, α is a strong jump if the condition (i) is replaced by
Proof. First, let us suppose that α ∈ [0, |R|) is a jump for R. By definition, there exists some ∆ > 0 so that for any k and any ǫ > 0 there exists an n 0 (R, k, ǫ) so that if G is an R-graph on n ≥ n 0 vertices, with h n (G) ≥ α + ǫ then G contains a subgraph H on k vertices with h k (H) > α + ∆. We will find a finite family of graph F with properties (i) and (ii) above.
Suppose that R = {r 1 , ..., r t } with r 1 < r 2 < ... < r t . Fix k large enough that the constant
Let F be the set of all hypergraphs F on exactly k vertices satisfying the following two conditions:
Note that min F ∈F λ(F ) ≥ α + ∆ 2 > α. It remains to show that π(F ) ≤ α. Let ǫ > 0 be given. Let G n be a graph on n ≥ n 0 (R, k, ǫ) vertices (enough vertices) with h n (G) ≥ α + ǫ. We need to show that G n contains a member of F . First, by hypothesis that α is a jump (and G n has enough vertices) we know that G n contains a graph H k on k-vertices with h k (H k ) ≥ α + ∆. We will now show that H k ∈ F . First, it is clear that R(H) ⊆ R since R(G) ⊆ R.
Rearranging terms, we have that
Thus, H k is a member of F . Hence π(F ) ≤ α as desired. Now, suppose that we have a finite family F with the properties that R(F ) ⊆ R, min F ∈F λ(F ) > α, and π(F ) ≤ α. We need to show that α is a jump for R. Write R = {r 1 , ..., r t } with r 1 < r 2 < ... < r t and fix ǫ > 0 and k ≥ r t . Let ∆ = min F ∈F λ(F ) − α > 0. Choose n 0 large enough that if n ≥ n 0 it follows that each λ(F ) for F ∈ F can be approximated by some vector
. Now, consider the family F ′ where
obtained by blowing-up each graph in F so as to maximize the Lubell value of each graph. Since F ′ is obtained by blowing up graphs in F , it follows that π(F ′ ) = π(F ) ≤ α. Suppose that G has N vertices and h N (G) ≥ α + ǫ and N is large enough that G must contain some member of F ′ . We will now show that G has some subgraph H k on exactly k-vertices with
we have found a subgraph with the desired properties. Hence α is a jump for R. Proof. We need to show that α is not a strong jump. For n larger than |F |, let F n be a blow-up of F on n vertices such that h n (F n ) is as large as possible. The Lagrangian is constructed in such a way that lim n→∞ h n (F n ) = λ(F ). Hence we have a sequence F = {F n } with h(F) = λ(F ) = α. By construction, we also have thath(F) = λ(F ). Hence α is not a strong jump.
We observe the following easy proposition, which we give without proof.
Proposition 6. If α is a jump for R and F is a finite family of R-graphs satisfying the conditions of theorem 4, then every β ∈ (π R (F ), min F ∈F λ(F )) is a strong jump for R.
Proof of Theorem 3
We now give the proof of Theorem 3. The proof will make extensive use of Theorem 4. Throughout this section we take R = {1, 2}.
Case:
There is a unique integer t ≥ 2 such that α
We note that λ(K {1} 1 ) = 1. We now compute λ(K {2} t ).
Note that the third line follows since every vertex is equivalent (see Lemma 6) . Hence, by theorem 4 we have that α is a jump. Furthermore, we have that for all t ≥ 2 the value 1 − 1 t−1 is a weak jump and every other value in [0, 1) is a strong jump.
Case: α ∈ [1, 9 8 ) Let F be a chain on two vertices, i.e. edges {1} and {1, 2}. Since F is a chain (of length 2), π R (F ) = 1 ≤ α. We now compute λ(F ).
Note that 1 is not a strong jump by theorem 5 since π R (F ) = 1. Also, note that
is not a strong jump since λ(F ) = 
)
Note that there is a unique t ≥ 3 such that α ∈ [ 2 . First, we will show that π(K *
Let G n be any graph on n vertices which forbids both K * t and K {1,2} 2
. Partition the vertex set of G n into two sets X andX where a vertex v ∈ X if and only if {v} ∈ E. We will say that |X| = xn and |X| = (1 − x)n. For each v ∈ X define the set N v to be the set of vertices u ∈X such that {v, u} ∈ E. Since G n is K * t -free, it follows that for each v ∈ X the graph G[N v ] is K − o(1) non-edges. Fix v ∈ X such that |N v | is as large as possible, and say that |N v | = α(1 − x)n. We then have that
The last line of the inequality above is achieved when x = We now show that λ(K
Note again that the third line follows since the two vertices are equivalent. Now, we bound λ(K * t ).
To get a lower bound on λ(K * t ), choose
2t and
Hence by theorem 4 α is a jump for R. By the same arguments we've previously seen, the interior of the interval: [ Finally, suppose that α ∈ [
again, this is a result from [16] . Furthermore, every vertex is equivalent. 
Hereditary Properties and Future Direction
In this last section, we will reveal the relationship between the non-strong-jump values and hereditary properties. Hereditary properties have been well-studied for graphs and r-uniform hypergraphs [5, 6, 8, 22] . This concept can be naturally extended to R-graphs. A property of R-graphs is a family of R-graphs closed under isomorphism. A property is called hereditary if it is closed under taking induced subgraphs. A typical hereditary property can be obtained by forbidding a set of R-graphs as induced sub-hypergraphs. Given a hereditary property P of R-graphs, let P n be the set of R-graphs in P with n vertices, and set π n (P) = max G∈Pn h n (G), where h n (G) is the Lubell value of G. We have the following proposition.
Proposition 7. For any hereditary property P of R-graphs, the limit lim n→∞ π n (P) always exists.
The limit, π(P), is called the density of P:
This proposition can be proved using the average argument, first shown in Katona-Nemetz-Simonovits theorem [18] for the existence of the Turán density of any r-uniform hypergraph. For non-uniform hypergraphs, the proof of Proposition 7 is actually identical to the proof of existence of the Turán density π(H) (see Theorem 1 in [16] ), and is omitted here. Proof. By Corollary 3, α is not a strong jump for R if and only if there exists an admissible sequence of R-graphs G := {G ni } ∞ i=1 satisfying h(G) =h(G) = α. Now we show that it is a sufficient condition. Consider a hereditary property P with π(P) = α. Let G n ∈ P n be an R-graph achieving the maximum Lubell value, and G := {G n }. By definition of π(P), we have h(G) = π(P) = α.
Since P is hereditary, any induced subgraphs of G are still in P. Thus h(G) ≤ π(P) = α.
Sinceh(G) ≥ h(G), it forcesh(G) = h(G) = α. By Corollary 3, α is not a strong jump for R. Now we show that it is also a necessary condition. We define a property P := {H : H is an induced subgraph of G n ∈ G}.
It is clear that P is hereditary. Sinceh(G) = α, we have π(P) = α.
For r-uniform hypergraphs, Nikiforov [22] recently proved an important result related to the pspectrum and the density π(P): for any hereditary property P of r-graphs, and any p > 1, λ p (P) = π(P). Readers are referred to a recent survey paper [23] for the exact definition of p-spectrum and λ p (P). Our future work is to generalize the p-spectrum to non-uniform hypergraphs and study the spectral characterization of the non-jump values. Another future task is to discover more non-jump values (even for the r-uniform hypergraphs). Some work has been done along this line. Frankl-PengRödl-Talbot [10] proved that 5 9 is a non-jump value for 3 and made the following conjecture:
Conjecture (see [10] ): For any l ≥ 3, s ≥ 1, and l ≥ s + 1, the value 1 − is a non-jump value for r = 3.
The value 5 9 corresponds to l = 3 and s = 1. They showed the conjecture holds for all l ≥ 9s + 6. We [17] made some progress on this conjecture and found several new non-jump values for r = 3.
